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ABSTRACT

In this paper a new item anaiysis index, ¢, iy derived 25 a function
of diéficu?ty and discrimination to represent item efficiency. In this paper
ttem discrimination is not independent of item difficulity wnd it is demon-
strated algsbraically that the wmaximm discriminating power of an item may be
determined from éts difficulty. liem efficiency ic defined as the ratio of
observed discrimination to maximum discrimination.

The g~index will range from zerc to unity and wiil provide additional
information for item anmalyses. Its probability interpretations may provide an

attractive psychometric criterion for the retention or rajestion of 1tems.
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| In a typical aralys?s of 2 test item iwo indices ave usually computed,
a 41 f¥lculty 1ndex and a discrimination index. If one assumis an anaiysis
based upon the performance of two groups on the item, tyoicaliy referved Lo as
a U-l. amalysis, then a two by two contingency tabie may be used in the tabula-
tion of the indices. Such an approach would typify the approaches suggested
by Kﬁfiey {1939), Johnson {1951) and Cureton (1957) and is discussed in alnost
any basic measurement tex:t devoting some space to item anaiyses.
Assume that N' individuals have responded to some item in either a

| positive fasnion, r, or a negative fashion; w. Furthermore assume that either
on the basis of their total scores on the instrum:it associated with the item
or on the basis of some outside criterion two equi) qroups, ¢ and g, ave de-
terminad from N'. In this case gy and g, in total represent N individuals
where N may be equal to o% proportionate to N'. Then using the subscripts 1
and 2 to denote those symbols associated with g; and g,, respectively, the N

rasponses to the item are presented in Table 1.

Tahle 1

Cantingency Table Summarization of Twe Group Responses
to a Single Tten

Response Group

Category (5 1) Totai
Positive r ra rirg
Negat'i Ve L1 L§) WitWe
Tbtai ryivh ratilg N

Tha difficulty index, a, of the item may be denoted as:
3
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and it may range from zere to unity. Oag interpretation of a is that it rep-

vesents the proportion of g_iédividuals vesponding positivaly to Lhe item, A

second interpretation is that a reprusents the probabitity of observing a posi-

tive response 4o the item. Pir).

The discrimination index of the item, b, may be denoted as:

n ra
2R T
Whevre .
Tty = rptwz = N0
thus
r ;
b= - g (2]

and 1t may range from positive to negative unity. One interpretation of b is
that it represents the difference between two conditions) probabilities, the
probability of a correct response given membership in group one, Eigjgl), Tess
the probability of a correct vesponse given membership in gvoun two, P(rlg.i.

n a very special sease the marginals of Table 1 ave fixed and there
is an interdependence between difficuity and discriminaticn. In this paper
difficulty is chosent o bhe sn independont variable while discrimination dis
chosen tn be the dependent varianle. That is to say, discrimination is as-
sumed to be a function of difFicuity and thus its magnitued for any item is
tempered by the magnitude of the item's difficulty index,

L feaguent seobien encomatersd by "users” of itum analyses 15 one of
interprating both irdices, aitficulty and discrimination, simuftensnuzly and

waking a decision sbout the disposition of an item, either vetaiuing or rejact-
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ing it for future use. Al} too feequentily interpretaticng are confused when
either or both indices depart, even slightly, from .89 for difficulty and pos-
itive or negative unity for discrimination. (It should ba roted here that it
is a popular misconception that the jdeal difficulty index should be .50. For
a comprehensive discussion of this point see Hewwysson, 19271.)

The major objective of this paper 1s one of deriving a new index that
will facilitate the interpretation of item analyses. 1In this paper a new in-
dex, ¢, is presented as a function of difficulty and discrimination, Conceiv-
ab1y.the e index might facilitate as much if not wore information than the
simultaneous interpretations of difficuity and adiscrimination while at the
sam2 time it shouid be less confusing as it may be interpreted within a simple

probability framewovk.

Maximum Discrimination as a Function of Difficulty

As noted the discrimination index may be thought of as being dependent
upon the difficulty index. When discussed generically the discrimination N~
dex is incorrectiy assumed to range from positive to negative unity. Regard-
less of the type of discrimination index used the absolute naximum value of
unity can he attained only when the assacfatad di Fficulty index s .50,

‘As the difficulty index of an item deviates srom .50, wither above or
balow it, the maximum ceiling of the discrimination indax is reduced froim uni-
ty. For each metric unit of deviation from .80 for a difficulty index there
i5 a two metric unit reduction from unity for the maximum celling of the asso-
ciated discrimination index. (See Hofmann, 72, for greater detail on this.)
Thus given a difficulty index of g its absolute deviaticn from .50, (DI, may
be used to compute the ceiling or maximum possible discriwination index, in
sbsolute value terms|b*|, of the associated discrimination index.

o 3
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9] = |50 - gl (2]
and . . j .

Ib*] = 1.00 - 21D]. | ¥

Logicaily the principle involved in coﬁputiug maximum discrimination
is presented by eruations 3 and 4, however the pragmatics of the concept are
obscured by the equations. A more reasonable set of eguaiions for maximum .
discrimination may be utilized if one is willing to be cognizant of the direc~
tion of the difficulty deviation, Assume that (a ¢ .50) ther maximum discrim-
ingtion may be defined algebraically as:

b = 2a. ' | (5)

Assume that (a3 3 .50) then maximum discrimination may be defined as:
| b* = 2(1-a). - [6]

Geometrically maximum discrimination nas a perfect curvilinear rela-
tionship to difficulty within the four quadrants of a two dimensional space.
Within ary one quadrant maximun discrimination §s5 Vinearly related to di Fie
culty. Because of an isomorphism beiween quadrants tho nonadjacsnt quadrants
are reflactions of 2ach other and any pair of adjacant quadranis may be used
to depict the relationship hetween Hfficulty and maximum discrimination,

In Figure 1 tws adjacent quadrants of & Cartesian coordinate system
hiave been depicted. The abcissa of this system represenks a difficuity con- ‘
tinuum while the ordinate of the system reprasents a “dual signed" discrimina~
tion continuum, the values may be interpreted as either rositive or negative.

The ordgin is denoted on tha difficuity contivuum gs a .50 sc that any
ﬁovement along the continuum will represent directed deviation: from .50. The
dashed Tine of demarcation within the “left quadrant® reprezants ihe line thét

is defined by any set of coordinates (a,b*) where {2 ¢ .50) and b* i3 & maximun
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discrimination value defined on the discrimination convivuum. The dashed line
in the "right quadrant® is the line that is defined by any set of coordinates

{a,b*) where (2 > .50) and b* is a maximum discrimination index. a value de-
fined on the discrimination continuum.

Figure 1, General Cartesian Co-ordinate System
Jefined by Difficulty and Discrimination
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In Figure 2 the terminus of an item vector, k, has been plotted with
respect to the difficulty of the item, 3, and the discrimination of the item,
B. A second item vector, k*, has been pictied with respect to the difficulty
of the item, 2, and the maximum discrimination, .9,*, of the jtew.

Assume the Roman letier o ic associated with the origin. There are
two right triangles depicted in Figure 2, ake and ak*n. Both triangles have
the some base, the deviation of the difficulty index a frem .50. The triangle
defined by ak*o, being the ideal triangle, will always be larger than triangle
ako, the ohserved triangle. The ratio of the areas of the two triangles will
indicate the size of ako relative to the maximum size it might have obtained.
That is, the ratio of the two areas may be thought of as representing the ef-

ficiency of the item. The beuter an item functions the more closely will the

,
ratio of the two areas approach unity. l
Figure 2. TItem Vector k Defined by Co-ordinates (a,_g; and 1deal Item .
 Vector k* Defined by Co~ordinates {3,5%). . ;
>
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Technically the area of the observed triangle is a function of the
types of discriminations the {tem makes. In referring to Table 1 it may be’
- observed that in actuality {r;+r,) individuals are judged as being better than
(wituwz) other individuals. However, the ttem functions as though [{ry+ws)
~ (wy+wp)] dichotomous discriminations are made. The absolute maximum number of
discriminations which may be made for a given item is, (N /4).
Consider the compunent parts of.the equation
(mrradintip) = rawi + taWa + Pathy + Yolas [7]

then it is possible to consider the concept of "proper® and “improper” dis-
criminations. tet the térm proper discriminations refer to those point dis-
criminations which are desivable in the sense that they result through a maxi-
mizing of the frequency of one particular response type, positive response, in
one particular giroup, group one, while the other response type, negative re-
sponse, is being maximized in the other-groip, group two. The term impropey
discrimination may be associated with those point discriminations which are
not desirable in the sense that they occur-as a result of undesirable response
“types occurring in both groups. For any item the number of proper discrimina-~
tions 1s characterized by {riw,) and the improper discriminations by {(y.w:).
Implicity for easy items the negative responses should all be accrued by groub
" two, Wy, and for difficult items the positive responses should all ba accrued
by group one, rj. | . ‘

A discrimination index in terms of point diseriminations, (b}, is Jjust
the difference between propar and impropar discriminations.

b} > (rawz) - (rawy) £s]

and the celative discrimination index is given by
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The maximum discrimination index, however, assum.s n2 improper dis-
eriminations. Either r, or wy is assumed to be zero and either py or ¥, i3
assumed to be n. Thus, maximum discrimination in terms of point discrimina-
tions, {b*}, represents the maximum number of proper Hseriminations possible

for a given N and difficulty index.

{b*} = (ryira)n; a < .50 ‘ [10-2]
oy .
{bF = {wihr)ns a2 W50 , [10-5]
and the relative maximum discrimination index is given by
b* - —{ﬁ‘l 1]
T )

Now given that the area of any triangle is equal to one-half the base
muitipiied by the altitude and given that both triang’es in Fiqure 2 have the
sare base then the vatio of their areas is algebraically equivaiunt fo the
ratio of their altitudes. Alternatively the ratic represen.s the number of
observed proper discriminations less observed improper discriminations divided

by the waximum possible number of proper discriminations. The vutio of {b} to

“{b*} will prange from zero to wnitly, ussuming {b} is positive, and may - he thought

of, conceptually, as representing the "puriiy® of the discriminations made or
the efficiancy of the item. Let g vepresent a ganersl efficiency index then:
| - 151

& e Liel

and In medified form:
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9,* "‘2? ) . - (3]

When one considers the fact that (b*; will always be positive and {b}
may be positive or negative then it becomes immediately appavent that ¢ as de-
fined by equations 12 and 13 may be positive or negative. When ¢ 1s negative
it is negative because more improper than proper discriminations were made.
The terms proper and improper were somewhat arbitrarily assigied to two quan-
tities on the assumption that more positive responses and, hence, fewer nega-
tive responses would always be made by group one relative to group twe. When
this assumption is not met the ¢ index will be negative. However, for inter-
pretations "within the- framework of proporiions and areas the sign of e may be
neglected. "The negative sign of e becomes meaningful oniy within the frame-
work of probability.

Given ‘the conditional magnitude of the difficulty index the general e
may be further specified as: J

b

8 = -gr-ias S , [14]

genaral efficiancy for 1tems having difficulty indices lgss than or equai ©
.50 and:

. b . ’
2 * gy vaz o [15]
. gensral efficiency for itams having difficulty indices grezter than or equal
o .50.

Certaln initial observations may be made with respect to g and probor-

tion interpretations
{a) If the observed discrimination index of an item is zero then the ef-

ficiency of the item fs zero.

11
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(b) For any ieﬁel. of difficulty, excluding zero aﬁd unity, 1t is theoreti-
cally possible for e to range from zero to unity assuming a positive
discrimination index.

{c) Efficiency is the ratio of observed proper discriminations less im-

* proper discriminations to the maximm possible nurber of proper dis-
 erintnations for a given difficulty level and group size.

(d) The general index g is indicative of how well an item has functionad
reiative to how well it might have functioned for a given N and spe-

cific difficulty level,

Probability Interpretations of Efficiency
In the previous section it was noted that the general efficiency index
could be subdivided into two indices, one for items having difficulties less
than or equal to .50, henceforth efficiency of the first kind, 2;, and one for
items having di fficulties greater than or equal to .50, henceforth efficiency
of the second kind, @,. The indices of efficiency may be further utilized to
| make probability interpretations with respect to positive responses and with
respect to negative responses. _
© Fquation 14 defining ey, for 1tems having difficuities less than or
"equal to .50, may'bé modi fied to define a computational equation for g, ve-

- gardless of item difficulty and sign of the discrimination index.
& = T, | [16]
Similarly equation 15 defining es, for 1tems having difficuities greater than

or equal to .50, may be modified to define a computational equation for ¢, re-
gardiess of item difficulty and sign of the discriminaticn index.

R4
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Utilizing equations 16 and 17 it is possible to discuss conditionai
probabilities and note that quite unlike traditional U-l discrimination in-
dices efficiency considers two evanis which are mutually exclusive and ex-

- haustive with vespect to a given sample space.

Assume that a positive response has been made to an item. Given an
individual making a positive response the probabiiity that the individual is a
member of g, is given'by P{g;|r) while the probability that the individual is
a mewber of g, is given by P(g,|r), where:

- D |
oo = T (18]
and
_: T
Nelo) = v 9]
Then
& = Pgir) -~ Pg|r) ., [20]

efticiency of the first kind is the difference between two conditional proba-
bilities, where the probabilities are for group membership, either g, or g,,
given a positive response.

Assume that a negative resvonse has been made to an item. Given an
individual making a negative response to an item the probabiiity thai the in-
dividual is a member of gy 15 given.by P(gj|w) while the probability that the
individual s a member of g, 1s given by P(g,|w), where:

' ¥1
Plgy |w) - T [21]

and

13
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?thl&} ® Wb, [ez]
Then:
g = R(gz|w) - Plmalw) (23]

efficiency of the second kind is the diffevence beiween two conditional proba-
bitities, the probability of group membership given a negative vesponse.
“Efficiency of the first kind and efficiency ¢f the second ¥ind ave

both mutually exclusive and exhaustive with respect to sampie space:

gy = lr) ~ Plgaln)s [24]

1.0 = ol lr) + Plgalr)s [25]3

ez = M@ lw) - Playlw)s | [26]

= Pgalw) + Plmlw. [27]

Following logically from these equations are:

y @1"‘1

9.117" = "‘“"‘2"‘“3 - [28]
1-8

Bgalp) = —— [29]

1-2, .

Plgylu) = oy [20]

gatl S~

p{ga'\!) = BN 131

Such additional probability interpretations for afficiency should be
quite appealing for certain in depth analyses of items. In Table ¢ valuss for
equations 22-31 are given for 100 efficiency indices betwssn zevo amd unity.

. For a negative @ column headings may be iaterchanged so that the flest
column becomes the probability of the second evant and tha saecond colunn be-
comes the probability of the ®rst even. Similarly the adds colums should be

intarchanged.

14
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Tabie 2

Probability Interpretations Associatéd with 100
© Efficiency Indices between Zere and Unfty

& mmmmx-ww B IRLOED Y ROy A RS S ANECET AR, PRI I A S N DA SRR

Probability of Probability of 0dds for Odds against
& | First Event Second Event First Event First Event
00 560 .500 1.000 1.000
01 .505 . 495 1.020 980
.02 .510 . 480 1.040 967
.03 515 .485 1.061 541
.04 .520 .480 1.083 .923
.05 525 . 475 1.105 .904
.08 .530 .470 127 .886
.07 .535 465 1.150 .869
.08 .540 460 1, .85
.09 . 545 ' 455 1.197 830 =
10 .550 . 450 1.222 .818
1 " .555 . 445 1.247 .801
a2 | .560 T 40 1.272 .785
13 .565 - .435 1.298 769
14 . .570 .430 1.325 754
15 .575 825 1.352 739
.16 .580 .420 1.280 724
37 .585 LA415 1.409 709
.18 .590 B . 410 1.430 .694
.19 .595 | 405 1.469 680
.20 .600 . 400 1.500 666
.21 .605 .395 1.531 652
22 .610 -~ .390 1.554 634
.23 615 385 - 1.597 ‘ 526
.24 .620 . 380 1.831 612
.25 625 375 1.668 .600
.26 630 370 1,202 .587
27 .635 .365 1.712 .574

15
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Table 2 {cont.)

Probabi Vity of brobability of Odds for Odds against
& First Event Second Event First Event First kvent
.28 540 . 360 1.777 .562
.29 545 .355 1.816 .550
.30 550 .350 1.857 .538
Rl 655 .345 1.898 526
.32 550 .340 1.941 515
.33 | 665 .335 1.985 503
.34 670 .330 2.030 .492
.35 675 .325 2.076 . 481
.36 .680 .320 2,125 .470
.37 .685 .315 2.124 459
.38 690 .310 2.225 . 449
.39 .695 .305 | 2,278 .438
.40 .700 .300 2.333 .428
41 .705 .95 2.389 .418
.42 .710 | .290 2.448 .408
43 7156 .285 2.508 801
.44 720 .280 2.571 .398
.45 725 275 2.636 .388
.46 730 270 2,703 369
A7 735 265 2.773 .360
.48 .740 ,260 - 2.846 .351
.49 .745 255 2,92} .342
.50 750 250 3.000 323 -
.51 755 .245 3.081 324
.52 .760 .240 3.166 AE
.53 765 235 3,255 307
S541 .770 230 3.347 208
.85 775 225 3. 444 220
.56 .780 .220 3. 545 : 282
.57 .785 .215 3,651 273

2



Probability of

e First Event
.58 .790
.59 .795
.60 .8C0
Y 805
.62 .810
.63 .815
.64 ,820
.65 825
.66 .830
.67 .835
.68 . 840
.69 .845
.70 . 850
T .855
.72 .860
.73 .865
.74 .870
.75 875
76 .830
N .885
.78 .890
.79 .895
.80 .900
A .905
82 .910
.83 915
.84 .920
.35 .925
.85 .930
87 .935

Table 2 (cont.)

17

Probability of Qdds for Odds against
Second Event Flrst Evend Fivet Event
210 3.761 265
.205 3.878 257
200 4.000 250
195 4.128 .242
. 190 4.263 .234
. 185 4.406 .226
180 4,555 219
175 4,714 212
170 4,882 204
. 165 5.060 197
.160 5.250 .190
.165 5.451 .183
. 150 5.666 176

. .145 5.896 163
. 140 5.142 162
<125 6.407 156
130 6.692 146
.125 7.000 J4%
120 7.333 136
N5 7.695 128
110 8.990 .123
105 8.523 A7
.100 9.000 11
095 9.526 104
080 10.1M 098

.08 10.764 .092
080 11.500 086
075 12.333 R) 1
070 13.285 075
065 14.384 .069

¥



Probability of

Table 2 (cont.)

RS 2SN AN TN TR S 2N TS R IIRIE N DR TS BTSSP AT LR LT SRS N

Probabiiity of

Udds for
First Evant

& First Event Sesond Event
.88 .940 080
.89 .945 055
.90 . 950 050
-91 .955 045
.92 960 040
93 .965 035
.94 970 030
.95 .975 .025
.56 . 980 050
.97 .985 015
.98 .990 N
.99 .995 .005
1.00 1.000 .600

15.668
17.181
19.000
21.222
24.000
27.571
32.333
39.000
49,000
65,666
99.6G0
199,000

PR R ditnaend

15

ARSI i, D ITY LD NS TR AL RN BT e

Odds against
First Event

e ]

063
058
052
047
041
036
030
025
020
D15
010
005

It may be noted that ey and g, are proportional to each other. The

‘ratio. of e, to 8, represents the odds in faver of a negative vesponse while

- the ratio of gy to

&
& W
T
S Dty
ERCCT

represents the odds in favor of 2 nositive response.

[32-a)

L32-b]

Such equations are referred to as Yodd's ratios." The odds for and against a

vesponse type given a particular index are also reported for the 100 different
¢ indices in Table 2. |

derived using the difficulty index,

18

Equations algebraically equivaient to equations 32-a and 32-b may be

LY



17

& A .
oy ® : £33-a]
and
a - 1a .
.gi = a » ) ;_33"b3

If one wishes “to convert g, to e, it is only necessary o multiply &
by the odds in favor of a positive response, equation 33-x. The converse is

trus for converting es to 2.

The Probability of Obtaining an Observed.e by Chance

The general ¢ index has been discussed within the framework of ¢y and
e,. It was noted that for any civen level of difficulty ¢ may range from zero
to unity. Quite Togically one would Jike to know the probability of obtaining

an observed e for any given index .of difficulty. Generically, what is a sig-

nificant gt

The model contingency table from which g is’ computed is unique within

the framework of statistics. Theoretically. ¢ is a measure of departure from

independence “in the contingency table. However there is a different m-obabﬂ-'

{ty distribution for g associated with each uniquety different sample size, N,

- -and each uniquely differvent difficultly 1evel, a, In order to compute the

probabilities associated with any given ¢ 1t must be assumed that all four

‘marginals of the contingency table are fixed. That is to say, the pmbaaﬂi-

ties reported for any ¢ are determined $rom the specific probability distribu~

tion of e associated with a given N and &.

~Technically in order to test the null hypothesis of mdepandem.e,
(Hy:e = 0), it 1s necessary to compute the probability of cbiaining the ob-

served @ and a1 possible ¢ indices of a larger magnitude assuming constant

19
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marginals. Although Pearson's {1932) Chi square test mighi be used with this
mode] of a contingency table 1% was not designed specifically for such use and
in using it one would have to consiantly keep in mind the consequences of its
use with small sample sizes and also meet ‘the assumptions ot expected frequen-
cies greater than five in the cells of the table.

A test designed specifically for the .type of model contingency table
associated with 2 is Fisher's {1935) exact test.. Essentially Fisher's test
would indicate the exact probability of obtaining an observed e given a par-
ticular N and a. -Furthermore it could be'used to compute the exact probabili-
© tles of each associated e greater than the observed e. In summing up all of
these exact probabilities one would have the probability of obtaining an e as
large as or larger than the one observed with the given level of difficulty, a,
-and group size, N. |
For. any test havir~ more than four or five items or fifteen or sixieen
" individuals such an approach would be computationally time consuming.

However, it is possibie to use a.variation of Fisher's test, which is
based upon the hypergeometric distribution, to establish the magnitudes of the
¢ indices which would represent the extreme tails of the distributions of such
indices for various difficulty levels and group sizes. Thus, It 1s.possibie,
50 to speak, to establish “tables of signiﬂcance“ for the ¢ indax by compui-
ing the probabilities associated with the most extreme values for g and work,
computationally, toward the iless oxtreme values. |

.- ..The method suggested here-is an approximation method whose numerical
methcds are reported by Hofwann ((72). Essentially this variation involves the
computation of the probabﬂity of the l2ast independent contingency table, ¢ =
1.0, for a given difficulty level and then continues to compute the probabili-~

20
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!

ties for successively more independent tables, while tha'dif?icuity indsy is
held constant. Such an approach avoids thé extremely time consuming computa-
tion associated with larye 7actorials, which will occur in the more dense,
middle, area of a symmetric distribution. Further discussion of this proced-
ure is beyoﬁd the scope of this paper. Using this procedure tevels of signif-
icance for e were computed for difficulty indices between zero and unity for
samples ranging in size from 8 to 100 for the .05 level of significance and
are reported in Table 3.

The interpretations associated with Table 3 ore the same as those made
for any parcentile point,oa one-tail test. For a given group, N. with a given
difficulty, a, there is a symmetric distribution of possitle e indices. The
tabled e index is that ¢ associated with the percentile point which best ap-

proximates the .05 percentile point,

¥
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Total Tast Efficiency.

- fhis paper has been concerned piimariiy with tie computation of the e-
index at an item level. This does not, however, precluds its use as a total
test statistic., Just as one zan ta?g of total test difficulty so also can one
talk of total test efficiency. In this section the equations for computing
total test efficiency will be discussed. No attempt will be made to interpret
the total test efficiency index other than the cursory defimtiion that follows
from 1t computaticnally.

Assume some test compesed of J items. Then Nj individuals will respond
to ftem J. The nuwber of individuals in either g, or g, will be denoted as nj
for the 3 ttem and (2ny = Nj). The difficulty and discrimination indices
for the jth item may be denoted as aj and gd respectively. The total number

of possible discriminations that may be made by the j}h item is _%;;, The ab-

solute maximum frequency of proper discriminations that i possible for the
Jth item, 93 » 15 given as:

By = Njays ;

b = gy [34]

The frequency of proper discriminations less improper disceiminations,

LY

{by. for the'gfh item is given as:
by} = nby- [35]
Inasmuch as efficiency is defined, at an item level, as the ratio of
observed proper discriminations less improper discriminations 10 the maximum
nossible numbar of proper discriminafions; for a given difficulty index and
group si-e, assume a similar definition for total tast efficiency.. Let total
test efficiency be represented by the ratio of total oksarved propeyr discrimi-

nations less fmproper discriminations, (B}, to the maximunm possibie numbar of

e J1
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proper discriminations for the total test, (B*}. Let E reprisent total test

efficiency, assuming that the difficulty of a1l items is less than .50

(B}
E & —— [36]
{B*}
where
B = § nib; | ' £37]
i=1
and
[ERE R £
i=1

theraly allowing eguation 35 to be rewritten in computationai form as,

J
nib

2%&& -

i=1
such an index'is indicative of the proportion of "guality" discrimina-
tions made by a total test given that-all items have a di fficulty Tess than
.50, For items naving a difficulty index greater than .50 aquation 38 is

modi fled to defing

B - 2,31.19.10@)- - [40]
i

“ren

and equation 39 is wodified to determine E; as

§mm
1= : (413
2 n(1-a9)
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If the J items form a mastery test then either equation 39 or 41 could
be usad to compute total test efficiency. If the J items form an achievement
test assume that s of the items have difficulty indices less than .50 and as-
sume that k of the items have &ifficu]ny indices greater than or equal to .50,
then 1f the items are grouped dichotomously according to those it.ms having
di fﬁtu%_’,ﬂ indices Tess than .50 and those equal to or greater than .50 the
general efficiency index, E, o the achievement test is given by:

1w

i=1 . . [42}
n;(1-2)

E
&

fem
i

fle~a27"

P

S
21 nqag o+
i=] 1 i

Experience with this index is still growing and thevefore. its applica-

~ tion to total tests is only of {heoretical interest at this time. However,

the systematic study of E, E; and E, might be informative. To wit, efther Ey
or Ea might serve as indicata;s of discriminatory of difficulty homogeneity or
perhaps as some sort of index of internal consistency for a‘mastefy test. The
general index, E, might serve as some index of int;erna‘l consistency for one

achievement test.

A Pragmatic Schems for the Use ef @

This section is written explicitiy.fb? my colleagues who say that they
are nonstatisticians and want something that will immediately benefit them in
tha interpretation of their item analyses.

Allbw?ng a little freadom with subjectivity it 1s possibie to set wp

criteria for determining easy, moderate and hard items 2s well as nonefficient,

efficient and ideally efficient items. Let the follewing insqualities, based

upon-efficiency, &, and difficulty, a, sarve as operational datinitiens of the

above terms.

33
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0.00 < ¢ < 0.50 nonafficient item
< 0.50 < 2 < 0.80 efficient iiem

0.80 ¢ e < 1.00 fideally afficient item
1.00 easy item
.75 moderate item
.25 hard itom

Because exact intervals have not been made these definitions are, the-
oretically, not mutually exclusive, but for practical purposes they may be
thought of as mutually exclusive and exhaustive with respect to difficulty and
efficiency. From these definitions it is possible to categorize all items of

an instrument according to Tabie 4.

Table 4

Efficiency by Difficulty Contingency Categorization
of Subjective Item Types

2WWWWWW =Ll R L R S PR E TR TR AT TR I N A R
Type
Difficulty Criterion Efficiency Levels

ideally

Non~Efficient Efficiant Efficient
Easy Efficiency | 0.00 <@ < 0.50{ 0.50 ¢« ¢ <0.80] 0.8) < ¢ < 1.00
Difficulty | 0.75<a < 1.00} 0.75 <3< 1.00} 0.75 < a < 1.00
Moderate Efficiency | 0.00 < ¢ < 0.50| 0.50 < a<0.801 0.80 <& < 1.00
Difficuity | 0.25 2 <0.75) 0.25<a «0.25] 0.25 < 3 <0.75
Hard Efficiency | 0.00 z e < 0.50| 0.50 ¢ ¢ <0.80 ] 0.80 <8 < 1,00
“BiFficulty | 0.00 <a<0.25] 0,00 <a<0.25 0.00 ¢ 2 20.25

Based upon Table 4 it s possibie to construct within the fFranswork of
tartesian coordinates a chart for detormining item quality. In Figure 3 such

a chart has been constructed. Given the difficulty and discrimination of an

e R |
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{tem as cocrdinates it is possible to locate the associatod item point. If
the poiny falls within the working area then the item is a working Ttem. Ad-
ditionally it ¥s pocsible to determine the relative Jdifficuity of'the working
item. Although this chart was constructed as a functicn of the g-index, its
use actually preciudes the computation of such an index.

Assﬁming Figure 3 to be a triangular pvpbability distribution 1t is
nossible to briefly discuss the chance probability of obtaining dirferent item
types, WNote in Figure 3 that there are nine diffevent item types. The proba-
bility of any item type's occurring by chance may be determined as the ratio
of the surface area associated with each item type to the total surface area
of the probability distribution. The probabilities for the nine subjective

item types are reported in Table 5.

Table 5

~ Chance Probabilities of Subjective Item Typas

wm_mwmwmmmcwm%WAm. oETRITIR T3 == = e

Cifficulty

n Efficiency Levels
Lavels iNon~Efficient Efficient Ideally Ffticient Total
Easy 0625 0375 L0250 1250
Moderate 3750 . 2250 LYE00 7500
Hard L0625 L0375 0250 L1250
Total 500 .300 260 : 1.0000

is previously noted the concept of item types i subjective as ave the
arbitrary numerical criteria for defining them. It %ﬁ cassible to construct a
more detailed chart than Figure 3, as well as a more detaiiad table of ch.encs
probabilitias to go with it. However, the objective of this small secirar was

one of estabiishing » proguatic schema for the use of &, which was done.

ERIC 36
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Conclusion and Summary

The conclusion to this paper will provide aﬁ efficicncy analysis of an
item given a difficuity index of .30, & disciimination index of .29 and a
sample siza of 14,

{a) By aquations 5 and 13 the general efficiency index of .the items is ap-
proximately .42. |

(b) Given from above that {g = .42).then the probability of an individual
being a member of group one given that the individual made a positive
response is (.71), from either equation 28 or Table 2.

(c) The odds are 2.45 to 1.0 that a person responding positively to the
item'will be a member of group one, from Table 2,

(d) The value of e, may be computed as .18 utilizing eguation 32-a.

(e) Given that (g, = .18) then the probability of an'individual.being a
member of group two given that the individual made = negative vesponse
is .59, from either equation 31 or Table 2.

(f} The odds are 1.439 to 1.0 that a person responding negatively to the
{tem will be & member of group two, from Table 2.

(g) According to Table 2 the observed @ i5 not significant.at the .05 Jevel.

(h) According to Table 4 or Figure 3 this item is a “moderate, non-effi-
cient item.”

(i) From Table 5 it may be inferred that the probability of getting a mod~
erate non-efficient item, by chance, is .375, more probable than any
otheyr type.

‘ The nine‘interuretationé glven above are with respact o a single item.
Nad more items been included in the analysis it would have been possible to

make comparative statements as well as relative Judgements of the {iems.

37
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This paper prescnts tha basic aspests of the efficiency index. Whather
or not the index will replace or supplement the traditional discrimination in-
dex remains to be seen. However, it would seem that the genaral efficiency
index has many more statistically compelling properties than the iraditi onal

dis-crimination index.

38



Refevences

Curaten, E. E. The upper and lower twenly-seven per~cent rule.  Psychomet-
rika, 1957, 22(3), 293-29%.

Fisher, R. 4. The logic nf inductive inference. Journal of Royal Statistical
Society, 1935, 98(1), 39-54. -

tams. In R. L.

Henrysson, S. Gathering, analyzing, and using data on tast i
d ed.) Washington, 0. C.:

Thorndike (Ed.), Educational measurement. {(2n
American Council on tdvcation, 1971. Pp. 30-59.

Hofmann, R. The Concept of Efficiency in Item Analysis (in prepavation), 1972,

Johnson, A. P. Notes on a suggested index of time validity: the U-L index.
Journal of Educational Psychology, 1951, 42, 495-504.

Kelley, T. L. The selection of upper and lower greups for the vaiidation of
test 1tems. Journa) of Educaticral Psychology. 1939, ¢, 17-19,

Pearson, K. Experimental discussion of the {x2,P) test for goodness of fit,
Biometrika, 1932, 24, 351-381.

39



